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Abstract. In this work we prove the real Nullstellensatz for the ring 0(A) of ana- 
lytic functions on a global analytic set X a R" in terms of the saturation in 0(A) of 
Lojasiewicz's radical. Namely, given an ideal a c 0(A), the ideal T(Z(a)) of the zero- 
set Z(a) of a coincides with the saturation {fa of the Lojasiewicz radical {fa of a. In 
connection with this we revisit the classical results concerning (Hilbert's) Nullstellensatz 
in the framework of (complex) Stein spaces. We also prove that if the zero-set Z(a) of 

o has "good properties" concerning Hilbert's 17th Problem, then X(Z(a)) = {fa, where 



{fa stands for the real radical of a; furthermore, the same holds if we replace {fa by the 
analytic real radical {fa of a, which is a natural generalization of the real radical ideal 
in the global analytic setting. We also study the relationship between a normal primary 
decomposition of a saturated ideal a of 0(R n ) and the decomposition as the union of 
its irreducible components of the germ Ir™ of the support of the coherent sheaf which 
extends aOgn to a suitable complex open neighborhood of W 1 . As one can expect, in case 
o is moreover prime, it holds that I(Z(a)) = a if and only if the (complex) dimension of 
the germ Yrh coincides with the (real) dimension of the global analytic set Z(a). 



In this paper we characterize the ideals a of the algebra 0(X) having the zero property, 
where X is either a Stein space or a C-analytic set (that is, a global analytic subset of R™); 
recall that an ideal a of 0(X) has the zero property if it coincides with the ideal Z(Z(a)) 
of all global analytic functions on X vanishing on its zero-set 2(a). More generally, we 
approach the problem of determining algebraically the ideal X(Z(a)) from an ideal a of 
0(A"); as it is well-known these problems are commonly known as Nullstellensatze. Both 
cases, the complex and the real analytic, have deserved for long the attention of specialists 
in both matters. 

For the general real case our results are new and we recall that until the moment all 
known results were just for two particular situations: (1) compact analytic spaces (see 
[Jw, Rz]), or (2) analytic spaces of low dimensions: 0, 1 or 2 (see [A, BP]). On the other 
hand, for the complex case we extend the classical Forster's Nullstellensatz by removing 
the condition that the involved ideal a, for which is computed I(Z(a)), is closed. Let us 
be more precise. 
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The complex case. The main known results concerning the complex analytic Nullstel- 
lensatz go back to the sixthies and are due to Forster [F] and to Siu [S] in the case of prime 
ideals. To state the main results we fix a Stein algebra 0(X) = H°(X,O x ), that is, the 
algebra of global analytic sections on a (reduced) Stein space (X, Ox)- There are crucial 
differences concerning the behaviour of polynomial functions on an algebric variety and 
analytic functions on a Stein space. Besides that 0(^0 is neither noetherian nor a unique 
factorization domain, two main obstructions appear to get a Nullstellensatz. The first one 
arises because there are proper prime ideals with empty zero-set, while the second one ap- 
pears because the "multiplicity" of an analytic function G e 0(X) vanishing (identically) 
on a discrete set can be unbounded; hence, if another analytic function F e 0(X) vanishes 
on the zero-set of G with multiplicity 1, no power of F can belong to the ideal GO(X). 
Classical examples of the previous situations, for which IK denotes either R or C, are the 
following: 

Example 1. Let 21 be an ultrafilter of subsets of N containing all cofinite subsets. For an 
analytic function F e 0(K), we denote by mult z (.F) the multiplicity of F at the point 
zeK. Put M(F,m) := {n e N : mult n (i ? ) > m}. Consider the non-empty set 



Let us check that a is a prime ideal. Indeed, if F, G e a, then M(F, m) n M(G, m) cz 
M(F+G, m), because mult n (F+G) >; min{mult n (F), mult„(G)}, and so M(F+G, m) e 21 
for all m > 0. On the other hand, if F e a and G e 0(K) then mult n (FG) = mult n (F) + 
mult n (G) and so M(FG, m) zd M(F, m) e 21 for all m > 0. 

Next, suppose that F1F2 e a but F\,F 2 ^ a. Thus, there exists mi, ni2 > such 
that M(F\, mi), M(F2, m^) $ 21. Take tjiq := max{mi,m2} and note that the sets 
M(F 1 ,mo),M(F 2 ,mo) $ 21; hence, H\(M(F 1 ,m ) u M(F 2 ,?n )) 6 21 but M(Fi,m ) u 
M(F2,mo) c M(FiF 2 ,mo) e 21, a contradiction. Thus, is a prime ideal. 

Finally, observe that Z{a) = 0. For each k ^ 1, let G^ e 0(K) be an analytic function 
such that Z{Gk) = {n e N : n > k} and mult n (Gfc) = 2n for all n ^ k. Since 21 contains 
all cofinite subsets, we deduce that each Gfc e a and so Z(a) cz f\^i Z(Gk) = 

Example 2. Let F,G e 0(K) be given by the infinite products: 



for all zeK. It holds that the zero-sets of F and G coincide with the set {n 2 : n e N + }; 
we denote a = GO (IK). Now, if the classical Nullstellensatz held for 0(K) there would 
exist an integer m > and a global analytic function H e O(K) and, such that 



Let us compare now multiplicities in the previous formula at the point (m + l) 2 : the left 
hand side vanishes at the point (m + l) 2 with multiplicity m, while the right hand side 
vanishes at the point (m+ l) 2 with multiplicity m+ 1, a contradiction. Thus, we conclude 



a := {F e Q(K) : M(F, m) e 21 Vm ^ 0}. 




and 




X(Z(a)) ^ y/a. 



To control these difficulties, Forster showed firstly that the prime closed ideals p of 0(X), 
endowed with its usual Frechet's topology (see [GR, VIII.A]), have the zero property, that 
is, I(Z(p)) = p, and afterwards that the closed ideals a of 0(X) admit (as happens in 
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the noetherian case) a normal primary decomposition (see §1.3); of course, for a general 
normal primary decomposition there are countably many primary ideals q^. 

In this context we extend Forster's Nullstellensatz (see Section 2 for precise statements) 
to the non closed case as we state in the following result. In what follows, given an ideal b 
of 0(X), we denote by b its closure with respect to the usual Frechet's topology of 0(X). 

Theorem 1 (Nullstellensatz). Let (X, Ox) be a, Stein space and a c Q(X) be an ideal. 
Then, 

l(Z(a)) = Va. 

In particular, 

(i) Z(Z(a)) = y/a if and only if y/a is closed; and 

(ii) Z(Z(a)) = a if and only if a is radical and closed. 

Notice that for a closed ideal a with locally finite irredundant primary decomposition 
a = Hiel Q ii we nave 

Va = Pi y/qi => Va 

iel 

because as we will see in Section 2 the radical of a closed ideal a needs not to be closed; 
however, the radical of a closed primary ideal q is still closed. 

The real case. The situation in the real case is more delicated. First of all we have 
similar difficulties to the ones described in the complex analytic case; Examples 1 and 2 
can be generalized to the real case. 

Examples 3. (1) Notice first that the ideal a in Example 1 is a real ideal, that is, if a 
sum of squares 2j?=i fi m 0(R) belongs to a then each fa e a. Indeed, assume that 
/••=2Li/'ea- Since 

mult„(/) = 2min{mult n (/i), . . . , mult n (/ p )}, 

we deduce that M(f, 2m) a M(fi,m) for all m ^ and i = l,...,p. Thus, since each 
M (/, 2m) e 21, we deduce that M(fc, m) e 21 for all m 5* 0, that is, each /, e a. Thus, a is 
a real prime ideal with empty zero-set. 

(2) Concerning Example 2, let us check that I(Z(a)) Va, where yfa stands for the 
real radical of o (see (1.2) below). To that end, let us check that the analytic function 
/ does not belong to Va = V~gOiW), where f,g e 0(R) are given by the corresponding 
formulae proposed in Example 2. Otherwise, there would exist an integer m > 1 and 
analytic functions h\, . . . , h p , h e O(K) such that 

f m + !>? = 9h. 

i=l 

Comparing orders in both sides of the previous equality at the point (2m + l) 2 , we achieve 
a contradiction. 

Consider now a global analytic subset X a M n and let X(X) be the ideal of all global 
(real) analytic functions vanishing on X. The structural sheaf of X is the coherent sheaf 
Ox := 0R n /I{X)Q]&n and its ring of global real analytic sections 0(X) := H°(X,0x) = 
0(W l )/Z(X) can be seen as a subset of the Stein algebra O(X) of its complexification X 
(understood as a complex analytic set germ at X, see §1.1). Note that we are not saying 
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that X is coherent as an analytic set. Recall also that Cartan proved in [CI, VIII. Thm. 4, 
pag.60] that if Y is a Stein space, the closure of an ideal b of 0(Y) coincides with its 
saturation (via the sheaf Oy): 

b := {F e 0{Y) : F z e W Y , Z V z e Y}. 

Thus, 0(X) inherits the induced topology of 0(X), but now the saturation (via the sheaf 
Ox): 

~a:={feO(X) : f x e aO x , x V x e X}. 

of an ideal a of 0(X) needs not to be closed. Nevertheless, as de Bartolomeis proved in 
[dBl, dB2], each saturated ideal of 0(X) admits a normal primary decomposition similar to 
the one in the complex case. Note also that the previous definition of saturation coincides 
with the one of Whitney for ideals in the ring of smooth functions over a real smooth 
manifold (see [M, II. 1.3]) . 

Before stating our main result, we introduce some terminology. All in what follows, 
given f,g e 0(X) we say that / > g if f(x) > g{x) for all x e X. Now, given an ideal o of 
0(X), we define its Lojasiewicz radical as: 

Zfa:= {ge 0(X) : 3 f e a & m ^ 1 such that / - g 2m > 0}. (I.l) 

The notion of Lojasiewicz radical has been used by many authors to approach different 
problems mainly related to rings of germs of different types, see for instance [N], [D, pag. 
104], [K, 1.21] or [DM, §6] between others. More generally, we say that an ideal o of 0(X) 
is convex if each g e O(^) satisfying |<jr| sC f for some / e a belongs to a. In particular, 
the Lojasiewicz's radical y/a of an ideal a of 0(X) is a radical convex ideal. Our main 
theorem is the following. 

Theorem 2 (Real Nullstellensatz). Let X a M n be a global analytic set and let a be an 
ideal of the ring 0(X). Then, 

X(Z(o)) = ?S. 

In particular, 

(i) I(Z(a)) = \/a if and only if yfa is a saturated ideal, 

(ii) T{Z(a)) = a if and only if a is a convex, radical and saturated ideal. 

If we compare the previous result with the real Nullstellensatz for the ring of polynomial 
functions on a real algebraic variety, we observe that the Lojasiewicz radical plays the same 
role of the classical real radical, defined in our context for an ideal o of 0(X) as: 

p , 
:= {/ 6 0(X) : f 2m + £ a\ e a & a, e 0(X), m,p > oj (1.2) 

k=l 

It is natural to search the relations between both radicals and of course this question 
forces to confront positive semidefinite analytic functions versus sums of squares of analytic 
functions. It is important to note that in the abstract setting of the real spectrum of a 
ring A, both radicals coincide, see Section 3. In Section 5 we prove the equality yfa = \/a 
for an ideal a of 0(X) with the property that every positive semidefinite analytic function 
whose zero-set is Z := Z{a) can be represented as a (finite) sum of squares of meromorphic 
functions on X; for short, any global analytic set Z a W 1 with the previous property will 
be called H-set. Some examples of H-sets are the following: discrete sets (see [BKS]) and 
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compact sets (see [Jw, Rz]). Moreover, if A is either an analytic curves or a coherent 
analytic surface, every analytic subset of A is an H-set (see [ABFR1, ABFR2]). 

Also, since infinite (convergent) sums of squares of meromorphic functions make sense 
in 0(A) (see Section 1 and [ABF, ABFR3]), we define the analytic real radical of an ideal 
a of 0(A) (see also [BP]) as 

:= {/ e 0(R n ) : f 2m + J] a\ e a & a* e 0(M n ), m ^ o} (1.3) 

As before the equality yfa = -\/a holds for an ideal a of 0(A) with the property 
that every positive semidefinite analytic function whose zero-set is Z := Z(a) can be 
represented as a infinite sum of squares of meromorphic functions on A; analogously, we 
call H 3 -sets those global analytic sets with the previous property. An example of -fP-set 
is the countable union of disjoint compact analytic sets. Observe that if all the connected 
components of A are compact, then all the global analytic subsets of A are if a -sets. 

Thus, for the previous situation we get the following result, proved in Section 5. 

Theorem 3. Let X a W l be a global analytic set and let a be an ideal ofO(X) such that 
Z{a) is an H-set. Then, 

In particular, 

(i) T{Z(a)) = yfa if and only if \fa is saturated. 

(ii) X{Z{a)) = a if and only if a is real and saturated. 

(iii) If a is prime then X{Z{a)) = a if and only if a is a real saturated prime ideal. 

Moreover, the statements above hold if Z(a) is an H a -set by replacing the real radical y/a 
by the analytic real radical yfa. 

In particular, the previous result applies if A is either an analytic curve, a coherent 
analytic surface, or a global analytic set whose connected components are all compact, 
and so the real Nullstellensatz holds for such an A in terms of the real radical (or more 
generally, of the analytic real radical). 

Finally, in Section 6 we prove that the class of ideals of 0(A) which have the zero 
property enjoys the good expected properties, as it happens with the corresponding class 
in the algebraic setting. More precisely, we prove: 

Theorem 4. Let q cz 0(M n ) be a saturated primary ideal. Then, the following assertions 
are equivalent 

(i) l(Z(q)) = yq. 

(ii) dim 2c (q) = dimZ(q). 

(iii) There exists x e Z{q) such that dim Z(qQ^n tX ) = dim2(q0c«,x)- 

As it is well-known condition (iii) in Theorem 4 is equivalent to the existence of a 
regular point y e Z(q) for the ideal ^/q; recall that y e Z(q) is regular for the ideal y/q if 
dimZ(q) y = k and there exists f k+1 , . . . , f n e y/q such that rk(V/ fc+ i(y), . . . , Vf n (y)) = 
n — k; notice that the two previous conditions imply in particular that Z{q) n U = 
2>(fk+i, ■ ■ ■ i fn) n [/ in a neighboruhood U of x. 

The paper is organized as follows. In Section 1 we recall Forster's and de Bartolomeis' 
normal primary decompositions for saturated ideals and we recall what we mean precisely 
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by infinite sums of squares in the analytic setting. Section 2 is devoted to the complex 
Nullstellensatz, while the real Nullstellensatz is the argument of Section 4. In Section 3 
we see that in the abstract setting the Lojasiewicz radical and the real radical coincide. 
In Section 5 we prove that an affirmative answer for Hilbert's 17 th Problem for the global 
analytic case implies that Lojasiewicz's radical and the real radical coincide in this setting. 
We also discuss certain properties concerning convex and quasi-real ideals. Finally, in 
Section 6 we analyize the geometric meaning of having a real Nullstellensatz for the ideal 
a, comparing the real dimension of the global analytic set Z := Z(a) and the complex 
dimension of the germ Z(a (x) C). 

1. Preliminaries on analytic geometry and saturated ideals 

Although we mainly deal with real analytic functions, we will of course use complex 
analysis. All through this work holomorphic functions will refer to the complex case and 
analytic functions to the real case. For further readings about holomorphic functions we 
refer the reader to the classical [GR]. We begin by introducing some notations. 

1.1. General terminology. Denote the coordinates in C n by z := (zi,...,z n ), with 
Z{ := Xi + y/—lyi, where X{ := Re(zj) and := Im(zj) are respectively the real and the 
imaginary parts of Zi. Consider the usual conjugation a : C n — > C n , z <->• z := (z\, . . . ,~z^), 
whose set of fixed points is R n . A subset A a C n is invariant if o~{A) = A] obviously, 
A n o~{A) is the biggest invariant subset of A. Let Vt a C n be an invariant open set and let 
F : f2 — » C be a holomorphic function. We say that F is invariant if F{z) = {F o o~){z) for 
all zefi. This implies that F restricts to a (real) analytic function on finR". Conversely, 
if / is analytic on M n , it extends to an invariant holomorphic function F on some invariant 
open neighbourhood Q of M. n . In general, we denote by: 

5ft(F) : n -+ C, Z ~ nz) + (Fo«)(z) . n _> Q z _ F{z)-^Foa){z) 

the real and the imaginary parts of F, which satisfy F = $i(F) + ^(F). Recall also 
that an analytic subsheaf J of Oq is called invariant if for each F e 3", the holomorphic 
function Fo<re J. Observe that if 9" is a invariant sheaf on Q, and F±, . . . , F r e H°(Q, 3") 
generate 1 Z as a 0^,2-modulo for some z e fi, then also 3?(-Fi), ^s(Fi), . . . , 3?(-F r ), Q(F r ) 
generate J z as a On iZ -modulo. 

Along this work we will use the symbol Z{-) to denote the zero-set of (•) and X(-) 
to denote the ideal of functions vanishing identically on (•). For instance, if (X, Ox) 
is either a Stein space or a real coherent analytic space and S a 0(X), the zero-set 
of S is Z(S) := {x e X : F(x) = VF e 5}, while ifZel the ideal of Z is 
T(Z) := {F e 0(A) : F(x) = Vx e A}. In what follow, for the sake of clearness we 
denote the elements of 0(A) by using capital letters if (A, Ox) is a Stein space and by 
using small letters if (A, Ox) is a real coherent analytic space. However, if a property 
holds for both type of space we will keep capital letters. 

Recall at this point also that if (A, Ox) is a coherent (paracompact) real analytic space, 
there exists a (paracompact) complex analytic space (A,0^) such that: 

(i) A A is a closed subset and 0^- = Ox,x ® C for all x e A. 

(ii) There exists an antiholomorphic involution a : X —* X whose fixed locus is A. 

(iii) A has in A a fundamental system of invariant open Stein neighbourhoods. 
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(iv) If A is reduced so is A. 

The analytic space (X,0 X ) is called a complexification of X. It holds also that the 
germ of (X,Oy) at X is unique up to isomorphism. For further details concerning the 
complexification of a real analytic space, see [C2, To, WB]. 

Note also that a global analytic set X cz M. n endowed with its (coherent) structural 
sheaf Ox = ORn/Z(A)ORn has a well defined complexification exactly as above, except 
perhaps for the second condition in (i). Note also that in this case (X, Ox) is automatically 
reduced. From now on by real analytic space we will mean a global analytic set in K n 
endowed with its structural sheaf. 

1.2. Saturated and closed ideals. Let (X, Ox) be either a Stein space or a real analytic 
space and a cz 0(A) be an ideal. We consider its saturation 

a := {F e 0(A) : F x e aO X)X V x e X}. 

Of course, the ideal a is saturated if a = a. 

As Cartan proved in [CI, VIII. Thm. 4, pag.60], in the complex case o coincides with 
the closure of a in 0(A) endowed with its usual Frechet topology; hence, saturated ideals 
coincide with closed ideals. Recall that in case (X, Ox) is a reduced Stein space, its Frechet 
topology is induced by a countable collection of the natural seminorms ||-|| m := sup^ {|-|}, 
where {K m } m ^i is an exhaustion of X by compact sets; of course, this topology does not 
depend on the chosen exhaustion, see [GR, VIII. A]. 

On the other hand, if (X, Ox) is a real analytic space the suitable topology is the one 
induced by the following convergence: A sequence {fk}k^i of elements ofO(X) converge to 
f e 0(A) if there exist a complexification (A, 0^) of (A, Ox) and holomorphic extensions 
Ffc °f fk and F of f such that F^ converges to F in H (A,0^) endowed with its Frechet 
topology (see [dBl, §1.5]). With this topology 0(A) is a complete topological M-algebra. 

The saturation arises "naturally" when dealing with Nullstellensatze to manage the 
existence of proper prime ideals and proper real prime ideals with empty zero-set (see 
Examples 1 and 3 in the Introduction). 

1.3. Closed primary ideals and normal primary decomposition. Let (A, Ox) be 

either a Stein space or a real analytic space. One of the main properties of the closed and 
saturated ideals of 0(A) is that they enjoy a locally finite primary decomposition. Before 
entering into further details we recall some preliminary definitions. Given a collection of 
ideals A := {oj}j G / of 0(A), we say that A is locally finite, if the family of their zero-sets 
{Z(ai)}i<=i is locally finite in A. A decomposition a = f] ieI 0% of an ideal o of 0(A) is 
called irredundant if o ^ flieA" a i f° r eacn proper subset K cz L Moreover, a primary 
decomposition a = Hie/ 1« °f an ideal o of 0(A) is called normal if it is locally finite, 
irredundant and the associated prime ideals pi := y/c\i are pairwise distinct. As usual, a 
primary ideal e {c\i}i e i is called an isolated primary component if pj is minimal among 
the primes {pi}j G /; otherwise, c\j is an immersed primary component. 

Before we present the normal primary decomposition of saturated ideals due to Forster, 
we recall here some results concerning saturated primary and prime ideals which provides 
a clear idea of their behaviour. 

Lemma 1.1. Let q cz 0(A) be a primary ideal and let F e 0(A). We have: 
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(i) If x e Z(q), then F e q if and only if F x e qOx,x- 

(ii) q is saturated if and only if Z{q) ^ 0. 

(iii) Z{q) is connected. 

Proof, (i) See [F, §3.1.Lem.] and [dBl, 2.1.2]. In the statement of both results the authors 
assume that the ideal q is saturated, but this fact is only used to assure that Z{q) 0. 

(ii) The "only if" implication is clear. For the converse, choose a point x e Z{q) and 
observe that by (i), q = {F e 0(X) : F x e qOx,x}', hence, q is the "saturation" of a local 
ideal and so it is saturated. 

(iii) If {X, Ox) is a Stein space, the result follows from Theorem 2.1. If [X, Ox) is a real 
analytic space, we recall a classical trick. Assume, by way of contradiction, that Z{q) is not 
connected and let Yi, Y2 c Z{q) be two closed disjoint subsets such that Z{q) = Y\ u Y2. 
Observe in particular that q must be saturated. Let / e q be such that Z{q) = Z{f) (see 
Lemma 4.1 below) and let g e X be an analytic function such that g is strictly positive 
on Y\ and strictly negative on Y2 (to construct g use Whitney's approximation lemma). 
Observe that Z(f 2 + g 2 ) = and so hi = yj f 2 + g 2 + (— Vfg is an analytic function whose 
zero-set is Yf, moreover, h\h2 = / 2 e q. However, h\,h% £ y/q because neither of them 
vanishes on Z(q), a contradiction. Hence, Z{q) is connected. □ 

Lemma 1.2. ([F, §4.Hilfssatz 5] and [dB2, 2.2.10]) Let {<Xi} ieI a Q(X) be a locally finite 
family of saturated ideals and let p a O(X) be a prime saturated ideal such that f] ieI Oj cz p. 
Then, there exists i e I such that o; c p. 

Now, we recall the normal primary decomposition of saturated ideals of O(X); see [F, 
§5] and [dBl, Thm. 2.3.6] for further details. 

Proposition 1.3. Let a cz O(X) be a saturated ideal of 0{X). Then, a admits a nor- 
mal primary decomposition a = p), q^ such that all the primary ideals q^ are saturated. 
Moreover, the prime ideals pi := ^/qi and the primary isolated components are uniquely 
determined by a and do not depend on the normal primary decomposition of a. 

As the reader can straightforwardly check the normal primary decompositions enjoy the 
good behaviour one can expect for radical, real and real analytic ideals. Namely, 

Corollary 1.4. Let a a O(X) be a saturated ideal and let a = f\ q^ be a normal primary 
decomposition of a. We have: 

(i) If a is a radical, each q^ is prime. Moreover, if such is the case the normal primary 
decomposition is unique. 

(ii) If a is a real analytic (resp. real) ideal, every qi is a real analytic (resp. real) prime 
ideal. Again, under these hypotheses the normal primary decomposition is unique. 

1.4. Infinite sum of squares. Let (X, Ox) be a real analytic space. Following what is 
proposed in [ABFR3, 1.3] for a real analytic manifold, we say that an element / e O(X) is 
an infinite sum of squares of meromorphic functions on X if there exist a non zero divisor 
g e O(X) such that g 2 f is an absolutely convergent series Xifc^i fk m ^(^)> * na ^ there 
exist a complexification (X,O x ) of (X,Ox) and holomorphic extensions Fk of fk, F of 
/ and G of g such that G 2 F = 2fc>i ^1 an< ^ Xifc^i ^fe ^ s a absolutely convergent series 
with respect to the Frechet topology of H°(X, Oy); in other words, for each compact set 
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K cz X the series 2jfc>i su P/f l-^fe I ^ s convergent. For further details concerning infinite 
sums of squares and Hubert's 17th Problem for 0(R n ), see [ABF, ABFR3, Fe]. 

2. The complex analytic Hilbert's Nullstellensatz 

The purpose of this section is to prove Theorem 1. First, we recall Forster's results 
concerning the Nullstellensatz for Stein algebras. We begin with the closed primary case. 

Theorem 2.1 (Closed primary case). Let (X, Ox) be a Stein space and let q cz 0(A) be 
a closed primary ideal. Then, 

l(Z(q)) = Vq 

Moreover, 

(i) There exists a positive integer m ^ 1 such that {-\fq) m cz q. 

(ii) In particular, if p cz 0(X) is a closed prime ideal, then I(2(p)) = p. 

Theorem 2.2 (Closed general case). Let (X, Ox) be a Stein space and let a cz 0(X) be a 
closed ideal. Consider a normal primary decomposition a = Hie/ 9» °f a - For each i e I, 
define 

h(qi, a) := inf jfe e N : F k e q f , e Va} , 
hfa) := inf{A: e N : F k e q h VF e y^}, 
h(a) := inf jfc e N : F k e a, VF e To} • 

Then, we have 

(i) h(a) = sup is/ {h(qi,a)} 

(ii) Vo closed if and only if h(a) < +oo. 

(iii) If a does not have immersed components, h(a) = sup iE j{h(qj)}. 

(iv) Z(Z(a)) = \fa if and only ifh(a) < +co ; and if such is the case \/ci cz a. 

To extend the above result to the non closed case we need the following characterization 
of the saturation of an ideal. Namely, 

Definition and Lemma 2.3. Let (X, Ox) be either a Stein space or a real analytic space 
and let a be an ideal ofO(X). Define 

Ci(o) := {G e 0{X) :Vi(cI compact 3 H e 0(X) 

such that Z(H) n K = k HG e a}, 

£ 2 (a) := {GeO{X) : Vx e X 3 H e H°(X, X ) 

such that H(x) # O&HG e a}. 

Then, a = £i(a) = € 2 (a). 

Proof. The chain of inclusions £i(o) c £2(1) c & is clear; hence, it only remains to check 
that a cz £1(0). 

We begin with the complex case. Let K cz X be a compact set. Since (X, Ox) is a Stein 
space, we may assume that K is holomorphically convex (see [GR, VILA]). Since aOx is 
a coherent sheaf we deduce, by Cartan's Theorem A (see [C2]), that there exists an open 
neighbourhood O of K in X and A±, . . . , A r e 0(X) such that aOx,x is generated as an 
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Ox,armodule by Ai tX , . . . , A r>x for all ie!J. As a consequence of Theorem B, we deduce, 
by [F, §2.Satz 3], that the finitely generated ideal g := (A\, . . . , A r )0(X) is saturated. 
Moreover, by [F, §2.Satz 3], also the ideal 

(g : a) := {H e 0(X) : 5Scg} 

is saturated. Since aQx,x = &O x ,x for all x e X, we deduce that (g : a)Ox,x = Ox,x for all 
x e 0, that is, it is generated by 1 at any point of $7. After shrinking f2, we may assume 
that it is an Oka-Weil neighbourhoodof K and that H°(W,(g : a) Ox) = H°(W,0 X ) 
(see [GR, VII.A.Prop.3 k VIII.A.Prop.6]). Now, by [GR, VIII.A.Thm.ll], there exist a 
holomorphic function H e H°(X, (g : a) Ox) = (fl : a) which is close to 1 in K. Thus, 
Z(H) n K = and Ha cz g cz a. Therefore, we conclude that d cz £i(a). 

Next we consider the real case. By [C2, Prop. 2 & 5] the sheaf of ideals aOx extends 
to a coherent sheaf of ideals 'J on an open Stein neighborhood VL of W 1 in C™. Hence 
the inclusion d cz <£i(a) follows similarly to the one of the complex case and we leave the 
concrete details to the reader. □ 

Remarks 2.4. Let ac b be ideals of 0(X) and define 9*j(a) := £i(y/a) for i = 1,2. Then, 

(1) £i(o) cz £;(b) and ^(a) cz ^(b). 

(2) <£i(<ti(a)) = <£i(a) and ^(^(o)) = ^(a). 

Now, we are ready to prove Theorem 1. 
Proof of Theorem 1. Let us prove that 

I{Z{a)) = 3*i (a) := Ci(Va) = 9* 2 (o) := £2(^0") = Va~. 
Clearly, 9*i(a) cz 9*2 (a) cz y/a cz Z(i?(a)). Thus, it only remains to prove the inclusion 

l(Z(a)) cz9*i(a). 

Assume first that o is a closed ideal and let K be a compact subset of X. Since (X, Ox) 
is a Stein space, we may assume that K is holomorphically convex (see [GR, VILA]). Let 
a = f) ieI (\i be a normal primary decomposition of a. Since K is compact and {c\i}i e i is 
locally finite, the set J := {i e I : Z((\i) n if ^ 0} is finite. Let Oi := f) ie jC\i and 
&2 := fl^j 1i; clearly, a = ai n a 2 . 

Since if cz X\(J^j i?(qj) and if is holomorphically convex, by [GR, VII. A. Prop. 3] there 
is an Oka-Weil neighbourhood U of K in X\\J i$J Z(q$. Now, by [GR, VIII.A.Thm.ll], 
there exist a holomorphic function H e 02 = H°(X, 020x) which is close to 1 on K. 
On the other hand, since I(Z(c\i)) = ^/c^■ for all i and there exists rrii > 1 such that 
(•\/q-) mi cz pj (see Theorem 2.1), we find m ^ 1 such that (\/cii) m c Oi- Moreover, since 
J is a finite set 

2(£(a)) = X(Z(a 2 nai)) = x(z(a 2 n f| q<) = X(2(a 2 )) n f| X(^(qO) 

iej iej 

= I(Z(o 2 )) n P| Vq7 = X(Z(a 2 )) n V^T- 

iej 

Thus, if G e Z(2(a)), then (HG) m e c^ai cz a 2 n ai = a, that is, HG e \/a, and so 
l(Z(a)) cz 9*i(a). 
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For the general case, we proceed as follows. By Lemma 2.3, we have that a = £1(0) cz 
£i(V&) = SHi(a) ; hence, by Remarks 2.4 



Remarks 2.5. (i) Observe that if q is a primary ideal of 0(X), then, by Lemma 1.1, 



(ii) There are saturated ideals a of 0(X) whose radical y/a is not saturated. Consider 
the Stein space (C, Oc) and for each k ^ 1 let F, G e 0(C) be holomorphic functions 
whose respective zero-sets are N and such that mult n (-F) = n and mult n (G) = 1 for all 
n e N. Observe that the ideal of 0(C) generated by F is saturated because it is principal. 

However, its radical y/a is not saturated because G e y/c\y/a. 

(iii) Conversely, there are non saturated ideals of 0(X) whose radical y/a is saturated. 
Consider the Stein space (C, Oc) and for each k > 1 let F^ e 0(C) be a holomorphic 
function whose zero-set is N and such that 



Let o be the ideal of 0(C) generated by the functions Let also G e 0(C) be a 
holomorphic function whose zero-set is N and such that mult n (G) = 1 for all n s N. 
Notice that G 2 = F 1 e a and y/a = G0(C) = a. 

3. The real Nullstellensatz in terms of Lojasiewicz's radical 

We present here some results relating Lojasiewicz's radical and the real radical in the 
abstract setting (see also [FG]). 

3.1. The real radical in the abstract setting. We begin by recalling some properties 
concerning the classical Cauchy-Schwarz's inequality and Lagrange's equality. Cauchy- 
Schwarz's inequality says that in an Euclidean space (E, (■,■)) it holds that sC 
||x||||y||, or equivalently, that (x,y) 2 < ||x|| 2 |[?/|| 2 for every couple of vectors x,y e E. For 
W n with its usual inner product we have: 

(xiyi + • • • + x n y n ) 2 < (x\ + ■ ■ ■ + x 2 n ){y\ + . . . + y 2 ) V (xi, . . . ,x n ),(yi, ...,y n )e R n . 

For instance, we can prove the previous inequality using the following polynomial identity 
in Z[x, y] := Z[xi, . . . 

j x nj yij ■ ■ ■ 1 yn]j known as Lagrange's equality: 

n n n 2 n n 

( 2 x ( S yf) - ( S x *y*) = S x ^ 2 - S 

1=1 J = l fc=l ij=l i,J = l 



Z(Z(a)) = 2T(Z(o)) = 9li(o) c JHi(JRi(a)) = JKi(a) = ^/o, 



as wanted. 



□ 




.y/q if q is saturated 

H°(X,y/qQ x ) otherwise. 
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Hence, if A is a (unitary commutative) ring and ax, . . . , a n , bx, . . . , b n e A it holds that 

n n n 2 n 

( 2 a * ) ( 2 h t) - ( 2 akbk ) = 2 (°* 6 i - a ^*) 2 ( cs ) 
«=i j=i fc=i *j=i 

is a finite sum of squares. On the other hand, we say that an element a e A of a real ring 
^4 is non negative, and denoted by a > 0, if it belongs to all the prime cones of A. Using 
this facts, we prove the following result which presents the real radical in relation with 
Lojasiewicz's inequality. 

Lemma 3.1. Let A be a real ring and let a be an ideal of A. Then, 

<fa= {at A: 3 6 e a & m ^ 1 such that b - a 2m ^ 0} (3.4) 
Moreover, if a = (fx,..., f r )A and f := ff + ■ ■ ■ + f 2 , then, 

\/o = {aeA: 3m > 1, a e SA 2 such that af - a 2m ^ 0}. (3.5) 

Proof. Denote by b the set in the right hand side of equality (3.4) and let us check yfa = b. 
First, take a e yfa\ there exists ax, . . . , a r e A and m > 1 such that 

r 

a 2m ^a 2m + Y,a 2 =: b e a; 

hence, a e b. 

Conversely, take now a e b and let b e a and m ^ 1 be such that b — a 2m 0. Observe 
that there is no prime cone a in A such that —b + a 2m e o and b — a 2m £ supp(a). Thus, 
by the abstract Positivstellensatz (see [BCR, 4.4.1]), there exist sums of squares o"i,<T2 in 
A and a positive integer £ ^ 1 such that ax + {—b + a 2m )a2 + {—b + a 2m ) 2e = 0. Therefore, 

(-6 + a 2m ) 2e + ax + a 2rn a 2 = ba 2 e o; 

hence, —b + a 2m e y/a and since b e a cz \Ya and the latter is a radical ideal, we conclude 
that a e \Ya, as wanted. 

Next if a = (fx, • • • , f r )A, it is clear that the set in the right hand side of equality (3.5) is 
contained in yfa. Conversely, let a e -y/a; there exists b e a and £ > 1 such that 6 — a 2i ^ 0. 
Since b e a there exist <7i, . . . , g r e A such that b = gxfx + • • • g r fr- By 3.1(CS), we have 
that b 2 /<t where cr = g\ + ■ ■ ■ + g 2 e ~EA 2 . On the other hand, since b — a 21 ^ 0, we 
have 

b + a 2i = {b _ a 2i) + 2a 2e >Q ^ b 2_ a *m = {b + a 2i ){b _ ^ > q. 

hence, if we denote m := 2£, we have fa — a 2m = (fa — b 2 ) + (b 2 — a 2m ) > 0, as wanted. □ 

3.2. Lojasiewicz's inequality and the real radical. Recall here the well-known facts 
that in the polynomial case and in the local analytic setting, Artin-Lang's Theorem relates 
the abstract positivity of an element in the corresponding ring with its geometric positivity. 
More precisely, 

3.2.1. Polynomial case. Let R be a real closed field and let X cz R n be an algebraic set. 
Denote by -Rp^] := R[x]/I(X) the ring of polynomial functions on X, where R[x] : = 
R[xx, . . . , x n ] and X(X) = {g e R[x] : g(x) = V x e X). An element / e R[X] is Ss if 
and only if f(x) ^ for all x e X. 
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3.2.2. Local analytic case. Let O n := ]R{x} := R{xi,...,x n } and let X a cz R™ be an 
analytic germ at a point a e R n . Denote by 0(X a ) := ]R{x — a]/T{X a ) the ring of analytic 
function germs on X a , where Z(X a ) := {g a e R{x — a} : X a cz Z(g a )}. An element 
f a € 0(A a ) is ^ if and only if there exist representatives X of X a and / of f a defined 
on X such that f{x) ^ for all x e X. 

We recall below the well-known real Nullstellensatze in terms of the real radical. 

Theorem 3.2 (Real Nullstellensatz). Let A denote either R[X] for an algebraic set X or 
0(X a ) for an analytic germ X a cz R™ and let a be an ideal of A. Then, T{Z{aj) = y/a. 

Now we use Lojasiewicz's inequality in order to prove that both in the ring of polynomi- 
als and in the ring of germs the real radical is the same as the Lojasiewicz's radical. Since 
both in algebraic and in the local analytic cases the geometric objects can be represented 
as the zero-set of a single positive semidefinite equation, it is enough to consider the cases 
X := R n and X a := R£. 

Lemma 3.3 (Lojasiewicz's inequality). Let A denote either R[x] or n and let f,g e A 
be such that Z{f) cz Z{g). Then, there exist integers m,£^ and a constant C > such 
that g 2m ^ C(l + ||x|| 2 )^|/|. In particular, if A = n we can choose I = 0. 

For the proof of Lojasiewicz's inequality in the polynomial case use [BCR, 2.6.2 & 2.6.6] 
while for the local analytic case, we refer the reader to [BM, 6.4]. As a straightforward 
consequence of Lojasiewicz's inequality we obtain the following descriptions of the real 
radical in the geometric settings we are considering. Namely, 

Corollary 3.4. Let A denote either R[X] for an algebraic set X or 0(X a ) for an analytic 
germ X a cz R™. Let a be an ideal of A and let f e A be a positive semidefinite element 
such that Z{f) = Z{a). Then, 

Z(Z(a)) = {g e A: 3m,^0,C>0 such that C(l + ||x|| 2 ) £ / - g 2m ^ 0}. 

In particular, if A = 0(X a ) we can always choose I = 0. 

4. Real Nullstellensatz in the real analytic setting 

Let X cz R n be a global analytic set endowed with its sheaf Ox and let a cz 0(A) 
be an ideal. If a is finitely generated, say by /i, . . . , f r e a, we have seen in Lemma 3.1 
how to manage the function / := Yji=x ff m the- definition of the Lojasiewicz radical, see 
(1.2). The following result provides an analogous tool for the case when a is not finitely 
generated. 

Lemma 4.1 (Crespina Lemma). Let a be an ideal of 0(R n ). Then, there exists f e o 
such that 

(i) / is an infinite sum of squares in 0(R n ) and Z{f) = Z(a). 

(ii) For each g e d there exists a unit u e 0(R") such that g 2 ^ fu. 

Proof. By [C2, Prop. 2 & 5] the sheaf of ideals aQj&n extends to a coherent invariant sheaf 
of ideals J on a invariant open Stein neighborhood O of R n in C n . Let {Lk}k^i be an 
exhaustion of by compact sets. Since 3 is invariant and coherent, we deduce, by Cartan's 
Theorem A (see [C2]), that there exists a countable collection of invariant holomorphic 
sections \Gi\i^\ cz H°(£l,3) such that for each k ^ 1 there exists £(k) such that for 
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each z e Lfc the germs G± }Z , . . . ,G^ k ^ z generates the ideal 3 Z . For each k > 1, define 

/ife := maxx, fc {|Gfc| 2 } + 1 and 7^ := l/v^/ifc; consider the series i7 := Xlfe>i7iG ! fe> which 
converges uniformely on the compact subsets of Indeed, let L c be a compact set 
and observe that there exists an index k$ ^ 1 such that LcLt for all k^ k$. Moreover, 
for each z e L, we have that 7^|Gfc(z)| 2 ^ ^ and so 

I s *M < 2 ^i G *wi a < 2 ^ < 1 

fcS=fco fc^fco fc^fco 

for each z e L. Denote S m := E™=i7fc G fc E H°(Q,3); hence, F := Ej^^Gg = 
limm^xSn, m the Frechet topology of if (fi,J). Since fl°(n,J) is, by [CI, VIII.Thm.4, 
pag.60], a closed ideal of On), we conclude that F e H°(Q, 3) and so / := F|]Rn e d. 

For each k $s 1, denote / fe := (7fcG fc )|x and we write / = Xlfcssi /fc- 

Next, pick o and let x e M n . By the choice of the GVs and since g x e aOM. n , x , there 

exist ai >x , ... , a r<x e 0m», x (with r depending on x) such that ^ = ai )X fi >x H h a r)X fr,x\ 

hence, using 3.1(CS) 

8=1 1=1 

where M x is a positive real number such that 5]i=i ^ -^e- 

Next, pick a compact set K a W 1 and notice that we find a constant Mr > such 
that q 2 \k ^ /Ik-^Tr'- Now, fix an exhaustion {K m } m ^>i of X by compact sets and let 
u e 0(M n ) be a strictly positive analytic function such that Mx m u |jr m YK m _ 1 f° r a U 
m ^ 1. A straightforward computation shows that g 2 =5 fu, as wanted. □ 

Remark 4.2. Observe that in general / e a\a. Indeed, let a 1= 0(X) be a proper ideal such 
that 2(a) = (see for instance Example 1 in the Introduction). Then, there is no / e a 
such that 2(f) = 2(a) because otherwise a = 0(X). 

Proposition 4.3. Let X be a global analytic set in M. n and let f,g e 0(X) be analytic 
functions such that 2(f) a 2(g). Let K a X be a compact set. Then, there exist an 
integer m > 1 and an analytic function h e 0(X) such that \h\ < 1, 2(h) n K = and 
l/l > (hg) 2m . 

Proof. The proof of this result is entirely contained in [ABS]; for the sake of the reader we 
sketch the proof refering to the concrete statements in [ABS]. First, by [ABS, Cor. 2.3] 
there is a proper global analytic subset Y\ a Y := 2(f) such that K n Y\ = 0, an integer 
m and an open neighborhood U of Y\Y± contained in X\Y\ such that g 2m < \ f\ on U\Y. 

Now, consider the global semianalytic set S := {x e X : f 2 — g 4 " 1 < 0} and its closure 
S in X. Since [/ is open and S n U = 0, we get S n U = 0; hence, 

By means of [ABS, Thm. 2.5], we find a positive semidefinite equation ho of Y\ such 
that h$ < l/l on 5\Yi and /io < 1 in X. Thus, (h^g) 2 " 1 ^ |/| on the open neighbourhood 
V := {g < 1} of Y, because ho < 1. Finally, [ABS, Lem. 2.7] provides a positive unit 
< h± < 1 such that (hiho) 2m g 2m < \ f\ on M n \Y and taking h := /iq/ii, we are done. □ 



Now, we are ready to prove Theorem 2. 
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Proof of Theorem 2. Following the notations of Definition 2.3, consider the ideals: 

£i(o) := Ci(#5) & £2(0) :=<£ 2 (vM 

By Lemma 2.3 we have £i(a) = £2(1) = v^- Recall moreover that by Remark 2.4 (2), 
we have £j(£j(o)) = £;(a). We want to show that l(Z(a)) = \/a. Clearly ^/o 1= l(Z(a)), 
so it is enough to prove the inclusion I(Z(a)) cz £1(0). 

Assume first that a is a saturated ideal. By Lemma 4.1, there exists a positive semi- 
definite / e a such that = 2(a). Let now g e Z(iJ(a)) and let cz X be a compact 
set. By Proposition 4.3, there exist an integer m ^ 1 and an analytic function h e 0(X) 
such that n K = and / ^ {hg) 2m , that is, /ig e ^/a. Thus, 5 e £1(0) and so 
X(Z(a)) cz £!(a). 

For the general case, we proceed as follows. By Lemma 2.3, we have that a = <£i(a) cz 
£i(^/a) = £1(0); hence, 

T(Z(a)) = T{Z{a)) = £i(a) = £i(d(a)) c £i(d( VS)) = £i(£i(<*)) = £i(a), 
as wanted. □ 

Remark 4.4. With the notations of the previous proof, if is saturated and / e a satisfies 
that Z(a) = Z(f), then 

l(Z(a)) = l(Z(f 2 )) = £i(/ 2 0(X)) = £ 2 (/ 2 0(X)) 

The previous equality can be understood as the counterpart of Lemma 3.1 and Corollary 
3.4 in the global analytic setting. 

4.1. Convex ideals. We say that an ideal a of 0(X) is convex if each g e 0(X) satisfying 
\g\ ^ / for some / e a belongs to a. In particular, the Lojasiewicz's radical {/a of an ideal 
a of 0(X) is a radical convex ideal. Moreover, we define the convex hull g(o) of and ideal 
a ofO(X) by 

0(o) := {g e 0(X) : 3/ e a such that \g\ ^ /} 
Notice that g(a) is the smallest convex ideal of 0(X) that contains a and yfa := ■s/q(ci). 

Remarks 4.5. (i) There are saturated ideals of 0(X) whose Lojasiewicz radical yfa is 
not saturated and there are non saturated ideals of G(X) whose Lojasiewicz radical tya is 
saturated. To provide examples proceed similarly to the examples constructed in Remarks 
2.5(h) &; (hi), but substituting C by M. Observe that in the examples we suggest, it holds 

(ii) There are convex saturated ideals which are not radical. Consider for instance the 
ideal := (x 2 , xy, y 2 )0(R 2 ) of 0(R 2 ). 

(iii) There are radical saturated ideals which are not convex. Consider for instance the 
ideal := (x 2 + y 2 )0(R 2 ) of 0(M 2 ). 

(iv) There are convex radical ideals which are not saturated. Indeed, let 51, 52 e 0(R) be 
such that Z(gi) = Z{g<i) = N and mult n (^i) = n and mult n ((? 2 ) = 1 for all n ^ 1. Consider 
the analytic functions on M 3 given by the formulae fi := z 2 + y 2 g.i{x) 2 . Notice that each fi 
is an irreducible analytic function on M 3 and Z(fi) = Z{f<i) = Z(z, y) u U n>1 Z(z, x — n). 

Let a := \J 'jiOQR 3 ) which is a radical convex ideal of 0(M 3 ); however, it is not saturated 
as we will see next. Otherwise, by Theorem 2, = T{Z(a)) and so / 2 e a; hence, there 
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exists m > 1 and a e 0(]R 3 ) such that h := af\ — f 2m ^ 0- But this contradicts the fact 
that 

muhV|_i(/i) = mult^ +1 (^2) = 2^ < It + 2 = mult4£ + i(<7i). 
Therefore, o is not saturated. 

Corollary 4.6. Let X a W 1 be a global analytic set and let q be a primary ideal of the ring 
O(X). Then, T{Z{q)) = ^/cj if and only if q is saturated and */q is convex. In particular, 
a saturated convex prime ideal satisties I{Z{p)) = p. 

Proof. The "only if" implication is clear. For the converse, observe first that Z{q) ^ 
since q is primary and saturated. Let g e Z(Z(q)) = £i(q) (see the proof of Theorem 2) 
and let x e Z(q); then, there exists m ^ 1, h e O(X) and / e q such that h(x) and 
/ ^ (hg) 2m ; in particular, h ^ -v/q. Now, since q is convex (hg) 2m e q and so hg e ^Jq; 
hence, *fq being prime, we deduce g e *Jq. Therefore, l(Z(q)) a ^fq and so both ideals 
are equal. □ 

Remarks 4.7. (i) Observe that if a is a convex ideal of the ring O(X), then so is *Ja. 
Indeed, let / e an d 9 e OPO be such that \g\ sC /. Let m ^ 1 be such that / m e a; 
clearly, |g m | < f m . Thus, g m e a and so g e -^/a. 

(ii) Consider the the primary ideal q := (x 2 , y 2 )Q(R 2 ). Observe that yjq = (x,y)Q(R 2 ) = 
Z(Z(q)); hence, y/q is convex. On the other hand, the functions / := x 2 + y 2 e q and 
g := xy e 0(M 2 ) satisfy \g\ / but g $ q; hence, q is not convex. 

(iii) Let a be a convex saturated ideal and let a = Hie/ 1* ^ e a norma l primary decom- 
position of o. Let io e I be such that y/q^ is a minimal ideal of the family {^/q}i e i- Then, 
qi is a convex saturated prime ideal. 

Proof. First, let us see that there exists h- L0 e fliVio lAV^o • Otherwise, by Lemma 1.2 
there exists j ^ «o such that q^ c q iQ ■ hence, ^/q] cz ^/q^ and by the minimality of y/q^, 
we deduce that y/qj = y/q~i^, which contradicts the fact that the primary decomposition is 
normal. Thus, fix h io e f| 3 vi lAV^- 

Next, let g e 0(X) be such that \g\ sC / for some / e y / q^'. Then, |<7/if | «S fhf and 
since o is convex and fh 2 Q e Hie/ 1* = a ' we deduce that ghf Q e a a q io ■ hence, we conclude 
that g e qj because qi Q is primary and hi $ \/q~i^- □ 

(iv) Under the hypotheses of Remark 4.7(iii), the result is no longer true in general if 
y / q~i^ is not a minimal ideal of the family {y/q^iei- Indeed, let o := qi n q2 = (z 3 (x 2 + 
y 2 ), z 4 )0(M 3 ) be the "normal" intersection of the primary ideals qi := z 3 0(M 3 ) and q2 := 
(x 2 + y 2 , z 4 )0(R 3 ). Let us check that o is convex. Indeed, if / e a is positive semidefinite, 
then z 4 divides /. Now, a straightforward computation shows that if g e 0(K 3 ) satifies 
\g\ < /, then z 4 divides g and so g e a; hence, a is convex. However, q2 is not convex 
because x 2 < x 2 + y 2 but x 2 $ q2- Observe that */qi <= -yjq~2- 



As we have already seen in Theorem 2 the equality l(Z(a)) = yg(a) holds for each 
ideal a of 0(X), where X a R n is a global analytic set. The last part of this section will 
be dedicated to determine until what extend we can modificate the order of applying the 
operations^, yf- and g(-). 

Lemma 4.8. Let X a R n be a global analytic set and let a be an ideal of 0{X). Then, 
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(i) // a is convex, then a is also convex. 

(ii) If a is saturated, there exists f e a such that (5(a)) 2 a g(fO(X)) a g(a). 

Proof. We begin by proving (i), let g e 0(X) and / e be such that \g\ ^ /. Let K a X 
be a compact set; by Lemma 2.3, there exists h e O(A^) such that 2(h) n K = and 
h 2 f e a. Since \h 2 g\ < h 2 f and a is convex, we deduce that h?g e 0; hence, by Lemma 
2.3, we deduce that g e a and so a is convex. 

Next, we prove (ii). Since 0(X) = 0(R n )/I(X) by the correspondence theorem for 
ideals, there exists an ideal b of 0(R n ) which contains I(X) such that a = bjX{X). 
To be clearer in this part of the proof, we denote by h := h + T(X) the elements of 
0(X) = 0(M. n )/l(X). By Lemma 4.1, there is / e b such that for each a e b there exist a 
unit u e 0(M n ) satisfying a 2 ^ fu; hence, a 2 ^ fu. 

Pick g e g(a) and let K a X be a compact set. Then, there exists a function hx £ 
such that Z(hx) n K = and hxg £ fl(a); hence, there is ax £ a such that \hxg\ ^ S^. 

Let 6 0(K n ) be a unit such that a 2 ^ /«k and let Mk > be such that g 2 \K *S 
/|i<rMftr (recall that (/i^gl < and Z{}ik) n K = 0). Now, fix an exhaustion {K m } m ^i 
of X by compact sets and let u e 0(X) be a strictly positive analytic function such that 
Mx m u\Km\K m -i f° r all m > 1. A straightforward computation shows that g 2 $5 /u; 
hence, g 2 e 5 (fO(X)). 

To finish observe that if 51,52 £ fl( a )i there exists strictly positive analytic functions 
ui,U2 £ 0(X) such that g 2 ^ /u 2 for i = 1,2; hence, 1 51 52 1 ^ 5? + 52 ^ + ^2) an d so 
M2 e 0(/O(X)). Thus, (s(^j) 2 c a(/0(X)), as wanted. □ 

Remark 4.9. (i) Observe that if a is saturated, then v/g(a) = yg^OpT)) = -^/g(a). 

(ii) It seems plausible that if a is saturated, also g(a) is saturated, but till the moment 
we have not been able to prove it. 

(iii) Suppose now that is a convex saturated ideal of 0(X) and a = f] ieI c\i is a normal 
primary decomposition of a. Let J be the set of indices j e I such that ^/qj is a minimal 
element of the family {-\/C]i}ieij by Remark 4.7(iii), each primary ideal c\j is convex. It 
holds that 

jej iel 

(iv) If we are working in the framework of convex saturated ideals it holds an analogous 
result to Theorem 2.2 just changing "Stein space" by "global analytic set" and "closed 
ideal" by "convex saturated ideal". As one can expect, the proof runs analogously to the 
one of Theorem 2.2 (see [F, §5.Satz 9]) and we left the concrete details to the reader. 

5. The real analytic radical and the real Nullstellensatz 

In this section we prove Theorem 3, that is, we relate the real Nullstellensatz with the 
classical real radical by means of the representation of positive semidefinite functions as 
sums of squares of meromorphic functions. We begin by recalling the definition of H-sets 
and H a -sets and presenting some properties. 
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Definition 5.1. A global analytic set Z cz R n is an H-set if each positive semidefinite 
analytic function / e 0(R n ) whose zero-set is Z, can be represented as a sum of squares 
of meromorphic functions on M n . More generaly, we say that Z is an H a -set if such 
representation may involve infinitely many squares. 

The following properties are stated and proved for H 3 -sets but many of them work 
analogously for .ff-sets. 

Remarks 5.2. (i) Let Y cz Z cz W 1 be global analytic sets. If Z is an H 3 -set, then Y is 
also an H a -set. 

Indeed, let / e Q(K n ) be a positive semidefinite analytic function such that Z{f) = Y. 
Let now g e 0(K n ) be an analytic function such that Z(g) = Z. Observe that h := g 2 f is 
positive semidefinite and Z{h) = Z; hence, h is a sum of squares of meromorphic functions 
on R n and so the same happens for /. Thus, Y is an H a -set. 

(ii) In particular, if Z c M n is an H-set, the same holds for each global irreducible 
component of Z. 

(iii) Let Z cz R n be a global analytic set. Then, Z is an H a -set if and only if there exists 
a positive semidefinite / e 0(M n ) such that Z(f) = Z and each g e 0(IR n ) with Z(g) = Z 
and ^ g ^ / is a sum of squares of meromorphic functions on W l . 

Proof. The "only if" implication is clear. Conversely, assume that there exists a positive 
semidefinite analytic equation f of Z with the property in the statement and let g e 0(R n ) 
be another positive equation of Z. Observe that 

Thus, h := ( ^// + f g ) 2 9' ano - so 9i ls a sum °^ s Q uares of meromorphic functions on W 1 ; 
hence, Z is an H a -set. □ 

(iv) By [Jw, Rz] each compact global analytic subset of M. n is an H-set. Therefore, by 
[ABFR3, 1.9] each global analytic set Z whose global irreducible components are compact 
is an H a -set. 

(v) Let Z be a global analytic set. As a straightforward consequence of [ABF, 1.2], one 
deduces that Z is an H a -set if and only if each global irreducible function / e 0(M n ) with 
Z(f) cz Z is a sum of squares of meromorphic functions on M. n . 

(vi) Note that Hilbert's 17th Problem in its more general formulation involving infinite 
sums of squares has a positive answer for 0(M n ) if and only if all the global analytic subsets 
of ]R n of dimensions 1 < d < n — 2 are -fP-sets. 

Next lemma will be used in the proof of Theorem 3 to move suitably the complex 
zero-sets of denominators arising in the representation of positive semidefinite analytic 
functions as sums of squares of meromorphic functions. 

Lemma 5.3 (Perturbing denominators). Let f,be 0(M n ) be non constant analytic func- 
tions and let £1 be an invariant neighbourhood of W 1 in C n on which f have a holomorphic 
extension F. Let Z cz be a complex analytic set such that Z Xo cc Z(F) Xo for some 
xq e Z{f) . Then, there exist an analytic diffeomorphism ip : IR n — > W 1 such that: 

(i) / o ip = fu for some unit u e 0(M n ). 
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(ii) Z XQ d: Z{Bq) Xq , where Bq : Qq —* C is the holomorphic extension of bo := b o ip to 
a small enough open neighbourhood Qo a Q ofW 1 in C n . 

Proof. We may assume that b extends to a holomorphic function B on and that Z XQ a 
Z(B) XQ because otherwise taking ip = id, we are done. 

Fix a strictly positive analytic function e e 0(K n ) and for each A := (Ai,...,A n ) e 
[— 1, l] n , consider the analytic map 

fix : R n — R n , x^x + f 2 (x)e(x)\. 

We choose e small enough, in such a way that 4>\ is, by [H, 2.1.7], an analytic diffeormor- 
phism for each A e [—1, l] n . Since the function 

/»:K"xR"xH, (x, y, t) ~ f(x + ty) - f(x) 

vanishes identically on the set M. n x M n x {0}, there is an analytic h e (D(W n x W 1 x M) 
such that /o = ht. Thus, 

/ ° Mx) = f(x) + f(x) 2 e(x)h(x, A, f(x) 2 e(x)) = f(x)u x (x) (5.6) 

where u\(x) := 1 + f(x)e(x)h(x, A, f{x) 2 e{x)). Note also that Z(f o a Z(f). 

Indeed, if x e R n satisfies / o <fi\(x) = 0, then y := <fi\(x) e Z(f). Since is bijective 
and 4>\(y) = y (because f(y) = 0), we deduce that x = y e Z(f). 

Thus, since by its very definition u\ is a unit on a neighbourhood of Z{f) and it does 
not vanish outside Z(f) = Z(f o<j)\) (see (5.6)), we conclude that u\ is a unit in 0(M n ) for 
all A e [—1, l] n . Therefore, the diffeormophisms 4>\ satisfy condition (i) for all A e [—1, l] n . 

Let us find now Ao e [—1, l] n such that <p := (f>\ satisfies also condition (ii). Consider 
the family of diffeomorphisms as the analytic map 

<f> : R n x [-1, If R n , (x, A) ^ 4> x {x) 

After shrinking £1, we may assume that e,b extend holomorphically to E, B e O(il); we 
can also assume that £1 is connected. Thus, 4> extends to the holomorphic map 

§:OxC"^C n , {z,fj,)^z + F 2 {z)E{z)fi. 

Let U := <J? _1 (J)) and consider the holomorphic function 

Bo$ : (/^C, (w, fi) B o /i) 

Fix a polydisc Ao x Ai c x C n of center (xo, 0) and radius < p < 1 contained in U : 
(5.3.1) T/ie map (B o $) w : Ai — > C, fi ^ (B o Q)(w,fi) is not identically zero for each 
w e A . 

Otherwise, there exists w e Ao such that 

{B o :=Bo $(«;, M ) = J3(tw + F 2 {w)E(w)n) 

is identically zero on the polydisc Ai; by the Identity Principle, we deduce that B is 
identically zero, which contradicts the hypothesis that b is non constant. 

Next, since Z XQ c|z Z(F) X0 , there exists, by the complex curve selection lemma, a com- 
plex analytic curve 7 : Og —> Z (defined on the disk B>s) such that 7(0,5) c Ao, 7(0) = xq 
and 7(5) ^ Z{F) for all s =£ 0. Consider the holomorphic function 

GiljxA^C, (s, ,i)-(Bo $)( 7 (s), At). 
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We know, by 5.3.1, that the holomorphic function G s : A\ — » C, [i *-* G(s,/i) is not 
identically zero for each s e Dj. Choose now a sequence {sk}k c ®<5 converging to and 
observe that for each k the set Wk := (Ai n M. n )\Z(G Sk ) = [— p, p] n \Z(G Sk ) is open an 
dense in Ai n M n = [— p, p] n because each Z(G Sk ) is a proper analytic subset of Ai. By 
Baire's Theorem, the intersection W := f^\k>i is dense in Ai n M. n and we choose 
A E W. 

Now, observe that if bo := &o Ao , then Bo := Bo <J>^ is its holomorphic extension to 
where <J?a : ^ — * C n , z >— ► $(z, Ao). By the choice of Ao, we have that Bo o 7(sfc) ^ 
for all k ^ 1; hence Bo o 7 is not identically zero on B5 and so the germ (Bo o 7)0 ^ 0. We 
conclude that Z XQ ct Z(Bq) Xq , as wanted. □ 

Once this is proved we approach the proof of Theorem 3. We prove it when Z{a) is an 
B a -set, but the proof runs analogously if Z{a) is an H-set. 

Proof of Theorem 3. The proof is approached in several steps: 

Step 1. Assume first that a = p is a prime ideal. Since O(X) = 0(R n )/l(X), we 
may assume by means of the correspondence theorem for ideals that p is a saturated real 
prime ideal of 0(R n ). Observe that the "only if" implication is clear since X{Z{p)) is 
real analytic and saturated. For the converse, we proceed as follows. By [C2, Prop. 2 
& 5] the sheaf of ideals pOr™ extends to a coherent sheaf of ideals J on an invariant 
open Stein neighborhood $7 of W 1 in C n . Since p is saturated p = B (K ra ,p); denote by 
Z := {z e 0, : 3 Z 0c n z} the support in f2 of J. Suppose, by way of contradiction, that 
there exists a function g e I(Z(p))\p. After shrinking f2 if necessary, we may assume that 
g extends to a holomorphic function G on 0. Since g $ p, there exists a point xo e K n 
such that Z XQ d: Z{G) XQ but Z(p) a Z(g), where g := G\$n. By Proposition 4.3, there 
exists / 6 p, h e 0(M. n ) and m>\ such that h(x ) and /1 := / - h 2 g 2m ^ 0; clearly, 
since h(xo) ¥= 0, we have h p. Moreover, since c Z(g), we may assume that 

Z(fi) = Z(f) just taking fe instead of h; indeed, 

y , l+h 2 g 2m 

Z(h) = Z{{f-h 2 g 2m ) + {fh 2 g 2m )) = Z(f-h 2 g 2m )nZ(fh 2 g 2m ) = Z(f)nZ(hg) = Z{f). 

Observe also that after shrinking Q if necessary, f\ extends to a holomorphic function 
F x : Q -+ C such that Z XQ d: Z{F X )x , because otherwise Z XQ a Z(G) XQ , a contradiction. 

Since Z{p) = Z(f±) is an B a -set, there exists a non identically zero b e Q(K n ) such that 
b 2 fi = Xii>i a i f° r some a, e 0(K n ). By Lemma 5.3, there exist an analytic diffeomorphism 
ip :R n —>R n such that: 

(i) f\ o (p = fiu for some unit u e 0(]R n ). 

(ii) Z XQ d: 2(Bi) a:o , where Bi : £lo — > C is the holomorphic extension of 61 := b o ip to 
a small enough open neighbourhood Q,q c ^ of M n in C n . 

Let f £ 0(M n ) be a strictly positive unit such that v 2 = u^ 1 ; hence, 
b\f = b 2 h 2 g 2m + b\h = b\h 2 g 2m + £((a, o p)v) 2 . 

Observe that since Z zo ct Z(Bi) XQ , we have 61 ^ p. Since / e p and p is a real ideal (resp. 
oo-real ideal), we deduce that b\hg m e p, which contradicts the fact that b\, h,g £ p. Thus, 
we conclude that I(Z(p)) = p, as wanted. 
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Step 2. Next assume that a is a saturated real analytic ideal of 0(X) whose zero-set is 
an H-set. By Proposition 1.3 and Corollary 1.4 a admits a normal primary decomposition 
a = P|j such that all the ideals qi are saturated real analytic prime ideals. Since 
Z{a) = [J ■ Z{(\i) is an .£P-set, we deduce by Remark 5.2(i) that each Z{c\j) is an H a -set. 
Now, by Step 1, T{Z{<\i)) = q, for each i. Thus, 

i(z(a)) = j((jz( qi )) = n j (^)) = n* = «■ 

is/ iel iel 

Step 3. We approach now the general case, that is, a is an ideal of 0(X), whose zero-set is 
an H a -set. Since Z(Z(a)) = I(Z( \/5)), it is enough to check, in view of the previous case, 
that \/o is a real analytic ideal. Indeed, let 2fc>i a \ E an d let if c J be a compact 
set; by Lemma 2.3, there exists h e 0(X) such that Z(h) n K = and h^] k>1 a 2 e yfa\ 
hence, Xife>i(^ a fe) 2 E v^- Since \/a is real analytic, we deduce that each ha k e yfa. Since 
this happens for all compact set K cz X, we deduce by Lemma 2.3 that each a k £ yfa. 
Thus, yfa is a real analytic ideal, and we are done. □ 

Remarks 5.4. Let a a 0{X) be an ideal. Then, 

(i) a i= yfa cz tya. 

(ii) If Z(a) is -fP-set, we have moreover 

• ^/a= Va = T{Z{aj). 

• For each g e tya there exists b e 0(X) such that Z(b) cz 2(g) and 63 e \/o. 

Indeed, let g e tya; then, there exists / e a and m ^ 1 such that / — g 2m > 0; in 
particular, / > 0. Observe that -£(/) c -Z(g) and taking /' := 2f e a instead of /, we 
may assume that Z(f) = Z(f — g 2m ); indeed, 

Z(f> - g 2m ) = Z(f + (/ - g 2m )) = Z(f) n Z(/ - 9 2m ) = n Z{g 2m ) = Z(f') 

Now, since Z(a) is an iP-set, we deduce, by [ABFR3, 4.1], that there exist m ^ 1 and 
b,a k e 0(X) such that Z(b) cz Z(f - g 2m ) = Z(f) and b 2m (f - g 2m ) = % k>1 a 2 k ; hence, 
{bg) 2m + J] fc> i «fc = & 2m / 6 a and so bg e 

(hi) We can only assure in general that yfa = y/a if yfa is saturated and Z{a) is an 
H a -set. 

5.1. Quasi-real ideals. Recall that we have seen that a convex ideal a verifies \/a = \/a. 
The type of ideals which play a similar role with respect to the real radical has been 
classically defined as follows (see [AL, GT, BP]). 

Definition and Lemma 5.5. Let (X, Ox) be a real coherent reduced analytic space and 
let a be an ideal of O(X). We define the square root of a by 

:= 1/ 6 Q(X) : 3 a, e 0(X) such that f 2 + J] a\ e a}. 

fcSsl 

T/ien, a c ^/a c ^/a and ^/o = = Ufc^i 2 V&> w/iere 2 v / <* := \/^v^ f or k ^ 2. 

Moreover, a is a real analytic ideal if and only if a = \Ya. 
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Proof. The only non trivial point is to check that yfa, is closed under addition, which 
follows from the following classical trick that we recall here for the sake of completeness. 
Indeed, suppose that f 2 + 2fc>i a %9 2 + Sfc^i ^\ E a - Thus, 

(/ + <7) 2 + (/- 5 ) 2 + 2(24+S^)=2(/ 2 + <7 2 +2al + 2^) £ a 

and so / + g e -^o. □ 

Next we explore the relations between the convex hull and the square root of an ideal 
a of 0(X) whose zero-set Z{a) is an IP-set (analogous statements hold when 2(a) is an 
H-set). We define the ideal 

r 2 (o) := {g e 0(X) : 3 b e Q(X) such that Z(b) cz Z(g) & bg e #H}. (5.7) 
Remarks 5.6. Let a be an ideal of 0(X) whose zero-set Z(a) is an H 3 -set. Then, 

(i) In view of Theorem 3 and Lemma 5.5 we have T(Z(a)) = yfa. = yf yfa. 

(ii) Moreover, (\/a) 2 cz £j(a) cz t2(o). The first inclusion is straightforward and for the 
second proceed similarly to the proof of Remark 5.4(h). 

(hi) As a consequence of Remark 5.4(h) we have y/ q(o) = yt£(a) = yfa. 

Lemma 5.7. Let X cz M. n be a global analytic set and let a be an ideal of 0(X) whose 
zero set Z(a) is an H a -set. Then, 

(i) If a is convex, then yfa is also convex. 

(ii) If a is saturated, (yf(a)) 2 cz (g(a)) 2 cz g(a) cz t2(a). 

Proof. We begin by proving (i), let g e 0(X) and / e yfa such that \g\ sC /. Let K cz X 
be a compact set; by Lemma 2.3, there exists h e 0(X) such that Z{h) n K = and 
h 2 f e a. Since \h 2 g\ $5 /i 2 / and a is convex, we deduce that /i 2 <7 e a; hence, by Lemma 
2.3, we deduce that <? e yfa and so ^/a is convex. 

Next, observe that (ii) follows straightforwardly from Lemma 4.8 and Remarks 5.6. □ 

We can unify the two notions of convex hull g(a) and square root yfa of an ideal a of 
0(X) under the following general concept. In [GT] appears a similar definition concerning 
the defining ideals. 

Definition 5.8. Let (X, Ox) be a real coherent reduced analytic space. We say that an 
ideal o of O(^) is quasi-real if its radical yfa is a real analytic ideal. 

Remarks 5.9. (i) Let a be a quasi-real saturated ideal and let a = flie/ 1* ' 3e a norma l 
primary decomposition of a. Let Iq e / be such that yfaj^ is a minimal ideal of the family 
{•y/qjie/. Then, qj is a quasi-real saturated prime ideal. 

Proof. Indeed, let hi e f]j^i liW^o ( see ^ ne P ro °f °f Remark 4.7(i)). We have to prove 
that yfaj^ is a real analytic ideal. Let e 0(M n ) be such that / = Xi/t>i a fc E y/Ph- 
Then, there exists m ^ 1 such that f rn e pj . Thus, for each k there exists a sum of 
squares in 0(R m ) such that a 2m + e C)j ; hence, h^a 2 ™ + h 2 Q Ok e a. Therefore, since 
a is quasi-radical, hi a™ e qj . But since /ij ^ -v/qi^i we deduce that there exist I ^ \ 
such that e qj and so e -y/q^"- This means that -y/q^ is a real ideal and so qj is 
quasi-radical. □ 
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(ii) Under the hypotheses of Remark 4.7(iii), the result is no longer true in general if 
-y/q^J" is not a minimal ideal of the family {-^/q^iei- For an example use the same already 
studied in Remark 4.7(iv). 

(iii) Suppose now that a is moreover quasi-real and saturated and let o = f] ieI c\i be 
a normal primary decomposition of a. Let J be the set of indices j e I such that ^/q~j 
is a minimal element of the family {y^jje/; by Remark 5.9(i), each primary ideal c\j is 
quasi-real. It holds that 

7~a = lfa = l{Z{a)) f]^q] f]^\ V . 

je.J iel 

(iv) If we are working in the framework of convex saturated ideals it holds an analogous 
result to Theorem 2.2 just changing "Stein space" by "global analytic set" and "closed 
ideal" by "quasi-real saturated ideal of 0(X) whose zero-set is either an H-set or an H a - 
set". As one can expect, the proof runs analogously to the one of Theorem 2.2 (see [F, 
§5.Satz 9]) and we left the concrete details to the reader. For further comments revisit 
Remarks 5.4. 

6. Real Nullstellensatze and complex analytic germs at M 71 

6.1. Saturated primary ideals and complex analytic germs at M. n . Let X cz M 71 
be a global analytic set. As we have already commented 0(X) = 0(W l )/I(X); hence, by 
means of the correspondence theorem for ideals, every ideal o of 0(X) is the quotient by 
1{X) of an ideal b cz Q(M. n ) which contains I(X). Thus, for the purposes of this section, 
we assume that X = ~R n . 

Definition 6.1. Let a cz 0(M n ) be a saturated ideal. We extend the coherent sheaf aOx 
to a coherent sheaf of ideals 3" on invariant open Stein neighborhood Q of W 1 in C n . The 
analytic germ 1rt> at R n of the support Y := supp(J-~) will be called the complex zero-set 
-2c (a) of a. 

Lemma 6.2. Let q cz 0(M n ) be a primary saturated ideal. Then, f e p := ^fq if and only 
if there exists an open neighbourhood f2 ofW 1 in C n , a holomorphic extension F of f to 
f2 and a representative Y of -Hc(q) * n ^ such that Y cz Z{F); in other words, f e p := ^/c\ 
if and only if F vanishes on i?c(q)- 

Proof. The "only if" implication follows from the fact that q is saturated; hence, p is 
saturated also, and / e Z(Z(q)) implies F vanishes on Zc(c\). For the "if" implication, let 
Y be a representant of Zc((\) on a suitable complex neighbourhood such that Y cz Z(F). 
Pick a point 

x e Z(q) = Z c (q) nl" = Y n R n cz Z(F) n R n = Z(f). 

Since Y cz Z(F), we have F x e 1(Z(Y X )) = l(Z(q x Ocn x )) = ^Jq x Oc n ,x', hence, there 
exists m ^ 1 such that F™ e q x Oc n x- Thus, by Lemma 1.1, f m = (F\^n) m e q and so 
fep. □ 

Remarks 6.3. (i) Let ai,02 be two saturated ideals of 0(X) such that cq cz 02- Then, 
Z c {a 2 ) cz Z c (ai). 

(ii) Let qi,q2 be two saturated primary ideals of 0(X) such that -H<c(q2) c -2c(li)- 
Then, as a straightforward consequence, we have pi := y'qi cz ^/q^ =: p 2 . 
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Lemma 6.4. Let q cz 0(M n ) be a primary saturated ideal. Then, there exist an irreducible 
analytic germ Z-gn such that Zc{q) = %M. n u o-(Z^). In particular, if Zc(q) is invariant, 
it is also irreducible. 

Proof. We extend the coherent sheaf qQx to a coherent sheaf of ideals 9" on an invariant 
open Stein neighborhood ft of ]R n in C n and denote Y := supp(3~); recall that Zc(q) = ^R™- 
We may assume that Q is moreover contractible. Consider the subring A(Q) of H°(Q, Oo) 
of all invariant holomorphic functions on £1. Observe that the restriction homomorphism 
ip : A(U) — » 0(M n ), F i-> F\^n is injective. Since q is a primary ideal, p := y/q is a prime 
ideal and so *P := ip~ 1 (p) is also prime. 

Observe that since Z(p) = Z{q) 0, then Z($$) 0.Now, by Cartan's Theorem A 
and using that q is saturated, we deduce, maybe after shrinking Q, that Yr™ = Z($)gn 
and Y = Z(«P). 

Next, let y^n = [J ieI Zi^-n be the decomposition of Y^n as the union of its irreducible 
components. Pick one of them, an for simplicity denote it by by [WB, Cor. 2, pag.151] 
(an its proof), we may assume that there exists an irreducible analytic set Z in f2 whose 
germ at M n is precisely Zgn. Notice that Z and o~(Z) are (maybe equal) irreducible 
components of Y because Zgn is an irreducible component of the invariant germ Yri. 
Assume that Y Z u o~(Z) and let T be the union of all the other irreducible components 
of Y; clearly, T is invariant. Choose now invariant F,G e iT°(0, Oo) such that: 

• Z u cr(Z) c 2(F) but T cj: 2(F), 

• Tc Z(G) but Z u tr(Z) cj: Z(G). 

Thus, the invariant holomorphic function FG vanishes on Y. 

Let x e Z(p) = Y n R n and observe that by the complex local analytic Nullstellensazt 

x(y x ) = zoz^)) = z(Z(q x o C n, x )) = VqxOc-.x. 

Thus, there exists m > 1 such that {FG)™ e q^Oc™,^ hence, by 1.1, (FG) m e q and so 
FG 6 p n A(J7) = *p. Thus, since this last ideal is prime, we deduce that either F e *p 
or G e hence, T c 7 = 2 OP) c Z(F), a contradiction. In this way, we conclude that 
Y = Z u <r(Z) and so Yk« = -Zr™ u <7(Zrt»), as wanted. □ 

Lemma 6.5. Let a cz 0(R n ) be a saturated ideal and let a = Hie/ 1« ^ e a norma ^ primary 
decomposition of a and let J a I be the collection of the indices corresponding to the 
isolated primary components of a. Then, -He (a) = Ui 6 j-^c(lj) and for each j e J t/iere 
exists an irreducible component Zj^n of Zc(&) such that Zc(c\j) = Zj^n u a(Zj^n). 

Proof. Observe first that 

Z c (a) nl» = Z(a) = (j Z(q t ) = J 2%) = (J 2 c (q,) n R n . 

iel je.J je.J 

Now, fix x e Z n ]R n and observe that ^(a)^ = Z(aOc n x)- Let q^ , . . . , qj r be the primary 
ideals of our normal primary decomposition whose zero-sets contain x; we may assume 
that q jj , . . . , qi s are those primary ideals among q ix , . . . , q ir that are moreover isolated. 
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Observe that 

r r 

Zc{a) x = Z{aQc n ,x) = z( Q q^Oo^J = [J Z(^/q^Ocn jX ) 

s s s 

= |J 2(v^°c™,x) = |J Z(q k O C n tX ) = |J Z c (q k ) x = (J Z c (c\j) x ; 

l=\ l=\ l=\ jeJ 

hence, Z c {a) = \J jeJ Z c (c\j). 

By Lemma 6.4, we know that for each Zc(qj), there exist an irreducible analytic germ 
Zj t -Rn at W 1 such that Z c ((\j) = Zj^n u a(Zj^); hence, Z c {a) = \J jeJ Zj^n u a(Zj^n). 
By Remarks 6.3 and the fact that the primary ideals c\j are isolated, we deduce that 
Zj^n <^ ZjiTgn u a(Zji^n) if j f and so for each j e J, the germs Zj^n and o^Z^r™) 
are irreducible components of Zq (a). We are done. □ 

Now, we are ready to prove Theorem 4. 

Proof of Theorem 4. First, by Lemma 6.4, there exists an irreducible analytic germ Z^n 
such that -2c (q) = ^M" u o~(Z^n). Now, we prove the following implications. 

(i) =^> (ii) Since Z{Z(q)) = ^/q, we deduce by [WB, pag.154] that 2c(\/q) = -Ze(q) is 
the germ at W 1 of the "complexification" of Z(^Jq) = Z{q). Now, since the dimension of 
the "complexification" of Z{q) coincides with its dimension (see [WB, §8. Prop. 12]), we 
deduce that dim .2c (q) = dimZ(q). 

(ii) =^> (i) Let Y&n be the germ at M. n of the "complexification" of Z(q). By [WB, 
pag.154], we have Y^n a Z^n n a(Z^n). Since Z^n is irreducible, we have that either 
Z]Rn = a(Z^n) or dim(Z]Rn na(Z^n)) < dimZign. But this last is imposible because if that 
is the case 

dimiJ(q) = dimlgn ^ dim(ZRn n a(Z^n)) < dimZign 

d\m(Z K n n a(Z-^n)) = dim2 c (q) = dimiJ(q), 

a contradiction. Thus, Zc(q) = -^R n an d 

dimZ(q) = dim Y^n ^ dimZ^n = dim2c(q) = dimiJ(q); 

hence, dim Y^n = dim Z^n and Zru being irreducible, we conclude that Y^n = Z^n. Thus, 
by Lemma 6.2, / e */q if and only if there exists an open neighbourhood f2 of M n in C n , 
a holomorphic extension F of / to O and a complex analytic subset T a Z{F) in Q such 
that T K n = Zc(q) = Zr». 

On the other hand, by [WB, pag.154], we have that g e Z(Z(q)) if and only if there 
exists an open neighbourhood £1 of M. n in C n , a holomorphic extension G of g to ft and a 
complex analytic subset S a Z{F) in Vt such that Sr™ = Yru. 

Thus, since Zr« = Yru, we conclude that I(Z(q)) = 
(ii) (hi) It is straightforward. 

(hi) (ii) Let (f2, Z) be such that f2 is an open invariant neighborhood of W 1 in 
C n and Z is an irreducible representative of Zru in VL (see [WB, Cor. 2, pag.151]). The 
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irreducibility of Z guarantees that it is pure dimensional; hence, so is Z u o~{Z). We have 

dimZ(q) ^ &mZ{$) x = dim^qOiRn^) = dim Z(qQ C n x ) 

= dim(Z x u a{Z) x ) = dim(Z R n u cr(Z R n)) = dim(2 c (q)) ^ dim2(q), 
and so, dimi?c(q) = dimZ(q). □ 
Next, we introduce the following invariant concerning the ideals of 0(R n ). 

Definition 6.6. We say that a finite set J := {fi,...,f m } <= 0(R n ) is sharp if the 
dimension dim Zc(f\, • • • ; fm) = n — m. 

Remarks 6.7. (i) Let 5 := {/l, ■••,/»»} <= 0{R n ). For each I = l,...,m the (finitely 
generated) ideal = (/i, . . . , fi)O(X) is saturated and so admits a normal primary de- 
composition bi = f)j e j e (\je- Then, 5 is a sharp family if and only if fg does not belong to 
any of the minimal prime ideals of the family {y/q~JJZi}j e j ei for each £ = 2, . . . , m. 

Let fi be an open neighbourhood of R n in C on which each /j admits a holomorphic 
extension i^. Recall the following well-known consequence of the Identity Principle: 

(6.7.1) If Y is an irreducible complex analytic subset of £1, then Y is pure dimensional 
and ifF e i?°(fi,Oc»)> then either Y ^ Z{F) or dim(F n 2(F)) < dim Y. 

Thus, shrinking the open set f2 in each step if necessary, it follows from 6.7.1 that 
dim^c(/i) ■ • • j fm) ^ n — m. A carefull analysis shows, by means of Lemmata 6.4 and 6.5 
and 6.7.1, that dim.2c(/i, . . . , f m ) = n — m if and only if fi does not belong to any of the 
minimal prime ideals of the family {y/c\j,e-i}jeJe-i for each I = 2, . . . , m. Since this kind 
of argument is standard, we left the concrete details to the reader. 

(ii) If a cz 0(M n ) is an ideal, we have 

sup{card(30 : 5 c <* is sharp} = n — dim 2c (a) < n — dim -2(a) 
and if q is a primary ideal, we have (by Theorem 4) that 

T{Z(q)) = y/q sup{card(#) : $ <= q is sharp} = n — dim2(q). 

(iii) If q verifies the equivalent conditions of Theorem 4, then 
dim2(q) = sup{card(5) : $ q is sharp}. 

Remark 6.8. Let q c 0(R n ) be a primary saturated ideal. Then, q is a principal ideal if 
and only if ^/q is a principal ideal. 

For the "if" implication, assume that y/q is a principal ideal generated by / e 0(M n ); 
once can chek that q is generated by f k where k = min{m > 1 : f m e q}. 

Conversely, assume that q is generated by / e 0(R™). By [Ca, Prop. 3], there exists 
h e 0(R n ) such that h x x = y/JJJ^ for each point x e R n . We claim that ^/q = hO(R n ). 

Indeed, if g e ^fq = ^/f(D(R n ), then the germ g x is in \/ f x x = h x x for each x e R n 
and so g e (h). Now, we prove that h e ^fq. Pick a point x e Z(q); since h x x = V f x x , 
we find an integer m such that h m e f x x = qO x . Being q a saturated primary ideal, 
Lemma 1.1 ensures that h m e q, as we wanted. 

Corollary 6.9. Let q a Q(R n ) be a primary saturated ideal. We have 

(i) //dim(2(q)) = n - I, then X{Z{q)) = y/q. 

(ii) 7/dim(2(q)) = n — 2, then I(Z(q)) = y/q if and only if q is not principal. 



ON THE NULLSTELLENSATZ FOR GLOBAL ANALYTIC SPACES 



27 



6.2. Special factors. To finish we would like to insist in the fact that the obstruction 
to solve Hilbert's 17th Problem and to state the real Nullstellensatz in terms of the real 
analytic radical is concentrated in the special factors. To strong this fact we observe the 
following. 

Lemma 6.10. Let f e 0(]R n ) be an analytic function which is a (possibly infinite) sum of 
squares of meromorphic functions on M. n . Then, the ideal a := /0(R n ) is not real analytic. 

Proof. By [ABFR3, 4.1] there exist h ,h k e 0(M n ) such that Z(h ) a Z(f) and h\f = 
2fc>i hfc. Let m > be the maximum integer such that f m divides each h k for k ^ 
1. We write h^f = f 2ra Y^k^\^k f° r some h' k e 0(M n ); hence, f m divides h and we 

have ti*f 2m+1 = f^^k^iK 2 for some K e 0( Rn )- Simplifying, h' Q 2 f = Zk^iK' 
Assume, by way of contradiction, that a is real analytic, then / divides h' k for all k ^ 1, 
a contradiction. □ 

Remarks 6.11. (i) Let / e 0(M n ) be an analytic function such that dim.Z(/) ^ n — 2 and 
the principal saturated ideal f(D(R n ) is primary. Then, there exist an irreducible analytic 
function g e 0(M n ) and an integer m ^ 1 such that / = +g m . 

Indeed, let h e 0(R n ) be such that - N //0(M n ) = hO(R n ) (see Remark 6.8); since h 
generates a prime ideal, it is irreducible. Notice that /0(IR n ) = h m Q(M. n ) for m = min{&; ^ 
1 : h k e /0(M n )}; hence, / and h m coincide up to a unit and the statement follows. 

(ii) On the other hand, it seems that a modification of the arguments developed in [De] 
shows that given a connected global analytic set Z a W 1 of codimension ^ 2, there exists 
a special factor whose zero-set is Z. Thus, it seems that any advance on the representation 
as sums of squares of the special factors of 0(M n ) will provide light to understand the still 
open challenging problems in Real Analytic Geometry. 
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